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Section 1 $WKL_{0}$ , Friedman .
, $P_{I}\langle x$) , $Tr\langle x$)
$Pr\langle x$) .
section 2 the derivability conditions
. section 3 Kreisel $WKL_{0}$
.
1 . $WKL_{0}k$ Friedman Conservation Theorem
, 1 $L_{1}=\{+, , 0,1, <\}$ , 2 $L_{2}=L_{1}\cup\{\in\}$
. $X,$ $Y,$ $z,$ $\ldots$ ,
$X,$ $Y,$ $Z,$
$\ldots$ . $(\forall x)(x<tarrow\mu_{X}))$ , ( )(X $<c\wedge\phi(x)$ )
quantifier bounded quantifier , quantifier bounded
bounded fornula, $\Sigma_{0}^{0}(=\Pi_{0}^{0})$ formula . $\phi$ $\Sigma_{n}^{0}$ (
$\Pi_{n}^{0}$ ) formula , $(\forall x_{1} ... \forall x_{k})\phi$ ( $(\exists x_{1}\ldots\exists x_{k})\phi$ )
$n\sim 1$ ( $\Sigma^{0_{n+1}}$ ) formula . , formula
sentence .
(i), (ii), (iii) $L_{2}$ theory $RCA_{0}$ (Recursive Comprehension
Axiom ) .
(i) $+,$ $\cdot,$ $0,1,$ $<$ .
(ii) $\Sigma^{0_{1}}$ induction; $\phi(x)$ $\Sigma^{0_{1}}$ formula
$\phi(0)\wedge(\forall x)(\mu x)arrow\phi(x+l))arrow(\forall x)\phi(x)$ .
(iii) $\Delta^{0_{1}}$ comprehension; $\phi(x)$ $\Sigma^{0_{1}}$ formula, $\psi(x)$ $\Pi_{1}^{0}$ formula
13
$(\forall x)(\phi(x)rightarrow\psi(x))arrow(\exists X)(\forall x)(x\in X\neq\div\phi(x))$.
$Seq_{2}$ $0$ 1 . 2 $(\subseteq Seq_{2})$
path Weak $K\ddot{o}nig^{1}s$ Lemma (WKL) , $RCA_{0}$ WKL
$WKL_{0}$ . , primitive recursive function
, primitive recursive function
, quantifier induction PRA
(Primitive Recursive Arithmetic) .
Friedman ( [5] ) .
1.1 (Friedman Conservation Theorem). $\Pi_{2}^{0}$ sentence $\phi$ (in $L_{1}$
$)$ , $WKL_{0}|-\phi$ PRA $|-\phi$ .
$WKL_{0}$
( [4]) .
$WKL_{0}$ (Simpson [11 ). $WKL_{0}$
, sentence ( )
, countable model ,
countable model elementary diagram model .
1.2 (WKL
$0$
) . $T$ $L$ theory . .
(i). $T$ .
(ii). $T$ model .
14
12 .
1.3 $(WKL_{0})$ . $T$ $L$ theoIy . $L$ sentence
$\phi$ $T|-\phi$ $T|=\phi$ .
2. The derivability conditions
oot(X, y) $y$ $G\ddot{o}$del $X$ PA G\"odel ”
$L_{1}$ formula , $Pt\langle x$) $=(\exists y)Proof(x, y),$ $Con_{PA}=\neg Pr\langle \mathfrak{s}_{0=1^{\rceil}}$ ) . $S$
PRA , $D1\sim D3$ the derivability conditions .
Dl. PA $\vdash\phi$ $S\vdash Pr\langle \mathfrak{s}_{\phi^{\rceil}}$ ),
D2. $S\vdash Pr(r_{\phi^{\rceil}})\wedge Pr\langle r_{\phi\div\psi^{\rceil}}$ ) $arrow Pr\langle r_{\psi^{\rceil}}$ ),
D3. $S\vdash Pr(\mathfrak{s}_{\phi^{\rceil}})arrow Pz\langle r_{Pr\langle}r_{\phi^{1}})^{\rceil}$ ).
$S=PRA$ Dl $\sim$ D3
. Kreisel $Tr\langle x$)
$S=PA$ Dl D2 , Dl, D2
D3 . , Kreisel $WKL_{0}$
$S=WKL_{0}$ D3 . D3 Dl
, Dl syntactical
, $S=PA$ Dl semantical .
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Dl . PA $\vdash\phi$ . $N|=Pr\langle r_{\phi^{1}}$ ). $M$ PA
model $M$ $\mathbb{N}$ end extension $\mathbb{N}$ $\Sigma^{0_{1}}$ sentence
$M$ . , $Pr\langle r_{\phi^{1}}$ ) $\Sigma^{0_{1}}$ sentence $M\models Pr\langle \mathfrak{s}_{\phi^{\rceil}}$ ).
$M$ PA $|-Pr(\iota\phi^{\rceil})$ .
$WKL_{0}$ . $RCA_{0}$ $(\forall x)(x\in Xrightarrow x=x)$
X , X $N$ . PA model
$N$ end extension .
2.1 $(RCA_{0})$ . $M$ PA model . $(i)\sim(iv)$
$e_{M}:Narrow|M|$ ; $m,$ $n\in N$ ,
(i). $e_{M}(0)=0_{M},$ $e_{M}(1)=1_{M}$ ,
(ii). $M|=e_{M}(m+n)=e_{M}(m)+e_{M}(11),$ $M|=e_{M}(m\cdot 11)=e_{u}(m)\cdot e_{M}(11)$ ,
(iii). $M\models e_{M}(m)=e_{M}(n)$ $m=n$,
(iv). $M|=a<e_{M}(m),$ $a\in|M|$ $r\in N$ $M|=a=e_{1I}(r)$ .
. ,
$(m, I1)\in s$ $\Leftrightarrow(m, n\in|M|)\wedge(M\models m+l=n)$




$e_{M}$ $(i)\sim(iii)$ . (iv) $m$
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2.2 $(RCA_{0} )$ . $M$ , $e$. , $NX_{1},$ $\ldots,$ $X_{n}$ ) $\Sigma_{1}^{0}$
formula $(\forall x_{1} \forall x_{n})(\mu_{X_{1}}, \ldots , X_{n})arrow M\models\phi(e_{M}(x_{1}), ..., e.(x.)))$ .
. $\phi$ .
$Pr(\lceil\phi^{\rceil})$ $\Sigma^{0_{1}}$ sentence , $S=PRA$ D3 .
2.3. $\Sigma^{0_{1}}$ sentence $\phi$ , $PRA\vdash\phiarrow Pr(\lceil\phi^{\rceil})$ .
. 13 $WKL_{0}\vdash\phi-Pr\langle \mathfrak{s}_{\phi^{\rceil}}$ ). \leftarrow P $1_{\phi^{1}}$ ) $\Pi_{2}^{0}$
sentence Friedman PRA $|-\phiarrow Pr(\mathfrak{s}\phi^{\rceil})$ .
3 . Kreisel
$C=\{c_{n}\}_{n<\omega}$ $L_{1}$ Henkin constant , $L_{1}’=L_{1}\cup C$ . $X$
$L_{l}’$ sentence ( $G\dot{t}\dot{x}iel$ ) ” $L_{1}$ formula $L_{1}’- snt(x)$ . PA
Henkin axiom $(\exists x)\phi_{n}(x)arrow\phi_{J1}(c_{11})$ $L_{1}$ ‘ theory PA’
, $x$ PA’ $G\ddot{o}$ddel ” $L_{1}$ formula $PA’(x)$ . $PA^{1}$
consistent complete extension $L_{1}$ formula $Tr\langle x$) ,
.
, $x,$ $y\in Seq_{2}$ $x\cap y$ 2 $X$ $Y$
$-b^{\backslash }$ , $(x)_{k}$ $X$ $k$ , $lh(x)$ $X$ . $Seq_{2}$
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$x<_{L}y$ ( $X$ $Y$ ” ) .
$x<_{L}Y\Leftrightarrow(x, y\in Seq_{2})$
$\wedge(\exists n<\min\{1h(x), lh(y)\})\{(\forall m<n)((x)_{m}=(y)_{m})\wedge(x)_{J1}<(Y)_{S1}\}$.
, $L_{\iota}$ formula $cns(x)$ .
$cns(x)\Leftrightarrow(x\in Seq_{2})_{A}$ ( $\{\phi|L_{1}’- snl(r_{\phi^{\rceil}})\wedge^{r}\phi^{\rceil}<1\Lambda(x)A(x)_{\lceil\phi\rceil}=0\}UPA$’ ).
$cns(x)$ $Seq_{2}$ . ,
$1ft(x)\Leftrightarrow cns(x)\wedge$ ( $\forall_{Y)(y<_{L}x}arrow\neg$ cn$s(Y)$ ),
, $Tr(x)$ .
$Tr(x)\Leftrightarrow(\exists_{Y})(1ft(Y)\wedge 1h(y)=x+1\wedge(Y)_{X}=0)$ .
$L_{1}$ formula $\phi(x)$ , $Mod_{PA}(\phi)$ “ $\phi$ $C$ ( )
universe PA model ” $L_{1}$ formula .
3.1 ( ) . PA $|-Con_{PA}arrow Mod_{PA}(Tr)$ .
.
3.2. PA $|-Con_{PA}arrow(\forall x)(\exists y)(1h(y)=x\wedge 1ft(y))$ .
. PA . ConPA , x .
$x=0$ , $Con_{PA}$ $y$ null sequence $lh(y)=0\wedge lft(y)$
. $x=n$ $lh(m)=n\wedge 1fi(m)$ $m$ . $n$ $L_{1}^{t}$
sentence G\"odel , $L_{1}$ formula $(x<n\wedge(m)_{X}=0)vx=nvPA’(x)$ $L_{1}’$
theory , $m’=m\cap(O)$ $lA(m’)=n+l\wedge 1ft(m’)$ .
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$m’=m\cap(1)$ .
3.1 . PA . $c_{oII_{PA}}$ . $(Vx)(L_{1}’- snt(x)arrow$
$(\neg T_{l}\langle x)rightarrow Tr(\neg x)))$ , 32 $Tr(x)$
$Tt(x)$ .
3.3 ( ) . $L_{1}$ formula $\phi(x)$ $L_{1}$ sentence $\sigma$
, PA $|-\sigmarightarrow\phi(\mathfrak{s}\sigma^{\rceil})$ .
Smorynski [31 .
3.4 ( ) $(WKL_{0})$ . $Con_{PA}arrow\neg Pr(Con_{PA})$ .
. $\phi(x)$ $\neg Tr(x)$ sentence
$\sigma_{0}$ , $n=\sigma_{0}$ . $WKL_{0}$ . $Con_{PA},$ $Pr(Con_{PA})$
.
$Con_{PA}$ PA model Mo . Mo
$M_{1}(\subseteq\aleph)$
$i\in M_{1}\Leftrightarrow M_{0}|=Tr(e_{M_{*}}(1))$ for all $i\in N$
. $\neg:Narrow N$ recursive function 22 Mo $\models$
$\neg e_{M_{0}}(x)=e_{M_{0}}(\neg x)$ . $Pl\langle Con_{PA}$ ) 3.1 , Dl $M_{1}$ $L_{1}$
structure. 22 (\forall x)( Pr(x)\rightarrow Mo l=Pr(eM (x))) $(\forall x)(Pr(x)$
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$arrow M_{0}$ \models Tr(eM0( )) $M_{1}$ PA model. $2^{n+1}$
PA model Mo, $M_{1},$ $\ldots$ , $M_{21}$ .
$i=0,$ 1, $2^{n+1}$ 32 $m_{j}\in N$ , $M_{i}\models 1h(e_{M_{1}}(m_{i}))=n+l\wedge$
$1ft(Cu_{1}(m_{j}))$ . 11 $M_{i+1}$ $m_{i}\neq m_{j+1}$ . $m\in N$ . $\neg cns(m)$ $\Sigma 0_{1}$
sentence 2.3 Dl $Pr(\mathfrak{s}_{\neg cns(m)arrow Pr(}r_{\neg cns(m)^{\rceil}})^{\rceil})$ . Mi $\models$
$\neg cns(m)arrow Pr(\int_{\neg cns(m)^{\rceil}} )$ , 3.1 Mi $\models\neg cns(m)$ $M_{i+1}\models$
$\neg cns(m)$ . $lft(x)$ $m_{i}<_{L}m_{i+1}$ .
$m_{0}$ , mi, ... , $m_{2^{q\neq J}}$ $0,1$ ,
$n+1$ $0,1$ $2^{n+1}$ .
34 11 ,
3.5. PRA $|-Con_{PA}arrow\neg Pr(C_{oI1_{PA}})$ .
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